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Abst rac t - -Th is  paper presents a simple mathematical model for optimization of a single-item 
inventory system with product obsolescence. The demand is assumed to occur at the constant rate, 
whereas the lifetime distribution for an item identically follows an arbitrary one. In the model, 
two kinds of order forms, which are referred to as regular and expedited orders, respectively, are 
considered. First, we obtain the optimal ordering time and economic order quantity minimizing the 
long-run average cost under certain conditions. Second, we consider the inventory policy maximizing 
the stationary availability from the reliability theoretical viewpoint. Similar to the case of expected 
cost criterion, the optimal reliable ordering policy is derived under the milder conditions. 
Keywords - -P roduct  obsolescence, Ordering time, Expected cost, Stationary availability, Opti- 
mization. 
1. INTRODUCTION 
The deterministic EOQ (economic order quantity) model is one of the most widely applicable 
models to practical inventory management, since its mathematical framework is rather simple and 
is easy to be intuitively understood. In fact, many kinds of EOQ models have been extensively 
developed in the literature [1]. For example, there are several models taking account of stochastic 
lead times, stochastic demand and so on. Among them, it is of great interest to consider the 
EOQ model such that the lifetime of items is uncertain. 
Ghare and Schrader [2] discussed the standard EOQ model to include exponential decay, where 
the lifetime of an individual item is a random variable with the negative xponential distribution. 
They developed an approximation procedure to determine the order quantity under the assump- 
tion where the demand rate is deterministic. Later, Covert and Phillip [3] and Tadikamalla [4] 
extended Ghare and Schrader's model in cases of deterioration governed by the Weibull and 
the gamma distributions, respectively. Nahmias [5] reviewed many kinds of perishable inventory 
models with random lifetimes. 
On the other hand, in recent years, we have faced to the growing interest in the high tech- 
nology products such as microcomputers and software. These kinds of products depend on high 
technology innovations and their lifetimes are not always certain. Menipaz [6] and Nair and 
Hopp [7] considered the inventory and equipment replacement policies due to the high technol- 
ogy obsolescence. Subramanian and Kumarasamy [8] also treated this problem in the framework 
of continuous review (S - s) inventory model. In general, it is of great importance to construct 
the inventory policy under product obsolescent circumstance when the lifetime of an item follows 
a common distribution. However, it has never discussed in the literature fully. 
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In this paper, we present a simple mathematical model for optimization of a single-item inven- 
tory system with product obsolescence. Similar to Ghaxe and Schrader [2], the demand is assumed 
to occur at the constant rate, whereas the lifetime distribution for an item identically follows an 
arbitrary one. In addition, two kinds of order forms, which are referred to as regular and ex- 
pedited orders, respectively, are considered. The stochastic model under consideration formally 
extends the stock inventory model with emergency order discussed by Allen and D'Esopo [9]. 
Thus, the model considered in this paper shows different aspects from earlier contributions. 
This paper is composed of the following: Section 2 is devoted to explaining the inventory 
model under consideration. Section 3 discusses the EOQ model minimizing the expected cost. 
After formulating the long-run average cost, we obtain the theorem on existence of the optimal 
ordering time and the corresponding economic order quantity so as to minimize the expected 
cost. In Section 4, we propose an alternative criterion of optimality from the reliability theoretical 
viewpoint. Similar to Section 3, we analytically obtain the optimal policy. Finally, we summarize 
the results in Section 5. 
2. MODEL DESCRIPT ION 
Notat ions  
C1, C2 costs per unit amount for the 
expedited and regular orders, 
respectively 
ki inventory holding cost per unit r(t) 
time per unit amount 
n(t) 
ks disposal cost per unit amount 
kf shortage cost per unit time C(to, Q) 
L1, L2 lead times for the expedited and V(to, Q) 
regular orders, respectively 
T(to, Q) 
demand rate per unit time 
M(to,Q) 
Q order quantity 
A(to,Q) 
Qm maximum order quantity 
to 
F(t), f(t) 
ordering time for the regular order 
c.d.f, and p.d.fi for the lifetime of 
item 
hazard rate for F(t) 
conditional hazard function during 
the time interval (t, t + L2] 
long-run average cost 
expected cost for one cycle 
mean time for one cycle 
mean effective time for one cycle 
stationary availability 
Assumpt ions  
A single-item inventory system is considered for an infinite time horizon. The system begins 
operation at time 0 with the amount of item Q(> 0). The demand is the rate #(> 0) per unit 
time. Thus, the stock level decreases with rate # per unit time during the time interval [0, Qm/~], 
where Qm is the maximum capacity for the stock. Suppose that the lifetimes of items identically 
follow an arbitrary distribution F(t).  If the lifetime of an item comes up to the regular ordering 
time to, the amount of item Q is ordered and delivered after a lead time L1. If the items do not 
perish until the time to, the regular order is immediately made and the amount Q is delivered 
after a lead time L2. 
Without loss of generality, 0 < L1 _< L2 < Qm/# is assumed. Therefore, the regular order 
should be executed uring the interval to E [0, Qm/#-L2] and the order quantity is Q = #(to+L2) 
where Q E [#L2, Qm]. From this relationship, the problem to obtain the EOQ policy Q* is simply 
reduced to do the optimal ordering time to*. We define the interval that the stock level becomes Q
and again becomes Q as one cycle (see Figure 1). The same cycle repeats itself again and again 
for an infinite time span. 
The costs considered are the following: the costs c1(> 0) and c2(> 0) per unit amount axe 
suffered for the expedited and regular orders, respectively, a cost ki(> 0) per unit t ime per unit 
amount is suffered for inventory holding period of items, a cost ks(> 0) per unit amount is 
suffered for the disposal of items and a cost k f (> 0) per unit time is suffered for shortage period. 
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Figure 1. Interpretation ofthe behavior for Inventory Model. 
From the preliminaries above, we can formulate the long-run average cost and the stationary 
availability as criteria of optimality. First, we discuss the optimal EOQ policy minimizing the 
long-run average cost in the following section. 
3. ECONOMIC ANALYS IS  
Let us formulate the long-run average cost for an infinite time span, C(to, Q). The expected 
cost for one cycle is given by the following four costs: 
(i) The expected shortage cost is 
k I gl dF(t) [(to + L2) - tl dF(t) (1) 
-~ J to  
since the shortage cost is proportional to the shortage time. 
(ii) The expected inventory holding cost is 
ki -~ dF(t) + +L2 2 ' 
where Q -- #(t0 + L2). 
(iii) The expected ordering cost is 
clQF (to) + c2QP (to), (3) 
where, in general, F(.) = 1 - F(.). 
(iv) The expected isposal cost is 
f 
ro+L2 
ks (Q - #t) dF(t). (4) J0 
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Thus, the expected cost for one cycle is 
y (to, Q) = kl L IE (to) + (to + L2) [F (to + L2) - F (to)l - t dF(t) 
J to 
+.  (to + L2) {ClF (to) + cff" (to)} 
On the other hand, the mean time of one cycle is given by 
//o /,o T (to, Q) = (t + nl) dR(t) + (to 4- L2) dR(t) 
fo = LIF  (to) 4- (to + L2) -P (to) + t dF(t). (6) 
By applying the renewal theorem (see, e.g., [10,11]), we have the long-run average cost as follows: 
C (to, Q) = lim E[the total cost on (0, t]] 
t~c¢  t 
v (to, Q) 
- T (to, Q)" (7) 
We shall define the numerator divided by fi'(to) of the derivative with respect to to of the 
right-hand side of (7) as 
qc (to) : { ky [(L1 - L2) r (to) + R (to)] + # (Cl - c2) (to + L2) r (to) 
/ 
F(to) F~°+L2tdF(t)+(t°+L2)F(t°+L2) " F ( t °+L2)~' r t  - o~ 
- {(n l  - L2) r (to) + 1} C (to, Q) ,  (8) 
where 
f (to) 
r (to) - p (to)' (9) 
and 
n (to) = F (to + L2) - F (to) 
P (to) (lO) 
are assumed to be differentiable, called hazard rates, and conditional hazard function, respectively, 
and have the same monotone properties (see [10, p. 209]). 
Two special cases in the expected cost, to = 0 and to = Qm/# - L2, are the following: 
v (0, ~L~) 
C (0, #L2) = T (0, #L2) ; (11) 
where 
V(O,#L2)=kf{L2F(L2) -~oL2tdF( t )}+#c2L2 
+k~ L2F(L2) -  tdF(t) , (12) 
T (0,/zL2) = L2, (13) 
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and 
where 
(Qm ) V(Q.~/#- L:,Qm) 
C - 52,Qm = T(Qm/# - L2, Qm)' (14) 
(Qm-L2 ,  Qm) k I{L1F(  Qm L2) fQ~/~ (Qm-t )  dF(t)} 
V ~ - -  -{- JQm/ l~-L2  
{ foQ~/" (2Qm/#- I~t) t dF(t) + Q2 ~'(Qm/#) ~
2 j 
+ Qm {clF (Qm - L2) +c2-P (Qm - L2) } 
f 
Q~lu 
+ ks (Qm - #t) dg(t), 
JO 
T Qm_L2, Qm = (t+L1)  dF(t) 
JO 
(15) 
(16) 
We assume the following: 
(A.1). F(t) is IHR (increasing hazard rate). 
(A.2). c2 < cl. 
(A.3). 0 < L1 _< L2 < Qm/#- 
(A.a). C(to) > k/for all to ~ [0, Qm/# - L2]. 
The assumption (A.1) implies that an item becomes perishable as time elapses. This kind of 
deterioration is intuitively recognized to be true in practical situations. (A.2) and (A.3) are 
standard and plausible assumptions, ince the expedited order is more costly and takes less time 
to deliver the items than the regular one. The final assumption means that the expected cost 
per unit time is larger than the shortage cost per unit time. This assumption may be satisfied 
when the inventory holding and the ordering costs are large in some degree. 
We state the following theorem on existence of the optimal ordering time and the corresponding 
economic order quantity minimizing the long-run average cost under the assumptions above. 
THEOREM 3.1. Suppose that the assumptions from (A.1) to (A.4) are satisfied. 
(i) If qc(O) < 0 and qc(Qm/# - L2) > O, there exists a finite and unique optimal ordering 
time to* (0 < to* < Qm/# - L2) satisfying qc(to) = O. Then, the optimal economic order 
quantity and the corresponding expected cost are 
Q* = # (t~ + L2), (17) 
and 
where 
and 
C (t~, Q*) = r (t~) S (tO, Q*) + kfR (t~) + W (tO, Q*) + #c2 
(L1 - L2) r (t~) + 1 
S (t~, Q*) = k I (L1 - L2) + (cl - c2) Q*, 
(18) 
(19) 
#clF (t~) + ki# fo °'+L2 tdF(t) + k~Q*F (t~ + L2) + ks#F (t~ + L2) 
w (to, Q ) = P ' (20) 
respectively. 
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(ii) /fqc(0) _> 0, to* = 0, i.e., the regular order is made at the same time instant as beginning of 
the operation. Then, the optimal economic order quantity and the corresponding expected 
cost are Q* = #L2 and C(0, #L2) in (11), respectively. 
(iii) I f  qc(Qm/# - L2) <_ O, to* = Qm/# - L2. Then the optimal economic order quantity and 
the corresponding expected cost are Q * = Qm and C ( Q m / # - L2, Q m) in (14 ), respectively. 
PROOF. Differentiating C(to, Q) with respect o to and setting it equal to zero imply the equation 
qc(to) = 0. Further, with respect o to, we have 
q~c(to) = r' (to) {# (cl - c2) (to + L2) T (to, Q) + (L2 - L1) [V (to, Q) - k fT  (to, Q)]} + #r (to) 
x (c~-c2)T ' ( to )+c l+k~]o  tdF( t )+k~(to+L2) -P ( to+L2)+k~F( to+L2)  
T (to, Q) + [k .P (to + + ks f (to + T (to, Q) x f,  (to---~ ~ (to) + kfR'  (to) T (to, Q),  (21) 
where ' is the symbol of the differentiation with respect o to. Since the hazard rate is increasing, 
from (B.1) and (B.3), we have q~c(to) > 0, i.e., qc(to) is increasing. If qc(0) < 0 and qc(Qm/# - 
L2) > 0, then there exists a finite and unique optimal ordering time to* (0 < to* < Qm/# - L2) 
satisfying qc(to) = 0, since qc(to) is strictly increasing and continuous. Substituting the relation 
of qc(t0) -- 0 into C(to,Q) in (7) yields (18). If qc(0) _> 0, C(to, Q) is strictly increasing and 
the optimal ordering time is to* = 0. If qc(Qm/# - L2) _< 0, C(to, Q) is strictly decreasing and 
to* = Qm/# - L2. 
Notice that the optimal policy to* = Qm/# - L2 in Case (iii) implies that if the lifetime does 
not come until that time, the regular order should be made as the items are delivered at time 
t -- Qm/#; otherwise, it should not be done, since (A.3) is assumed. Thus the inventory model 
under consideration never admit the situation such that the expedited order is only executed, 
i.e., to* -* c~. 
We could characterize the optimal EOQ policy so as to minimize the expected cost. In the 
following section, we consider an alternative inventory policy from the viewpoint of reliability 
theory. 
4. REL IAB IL ITY  ANALYS IS  
When the expected cost is used as a criterion of optimality in practical situations, the cost 
parameters, uch as Cl, c2, k/, ki and ks, must be consistently evaluated. However, these cost 
parameters are not always given and accurately estimated. In such a situation, it is useful to 
adopt some probability measures, which does not include the cost parameters, as a criterion 
of optimality. Thus we discuss the optimal ordering time maximizing the so-called stationary 
availability as a reliability criterion. We call such an order quantity maximizing this criterion the 
optimal reliable order quantity in this paper. 
For the case of Section 3, we have the following assumptions: 
(B.1). c2 < Cl- 
(B.2). 0 < L -~ L1 = L2 < Qm/#. 
The assumption (B.2) is a special case for (A.3). This assumption is restrictive, but is needed in 
order to prove the existence of optimal ordering time under the stationary availability criterion. 
It is noted, however, that the assumptions about cost parameters such as (A.2) and (A.4) are 
never required in this case. 
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The stationary availability is the probability that the stock is not depleted in the steady-state, 
i.e., the inventory system is effective. Let us define the stationary availability as follows: 
A (to,Q) = lim E[the effective time on (0,t]] 
t~oo t 
M (to, Q) 
T (to, Q) '  
(22) 
where M(t0, Q) is the effective time, which is the time interval that the stock does not run out 
for one cycle, as follows: 
f 
to+L  
M (to, Q) = t dF(t) + (to + L) f '  (to + L). 
J o  
(23) 
Let 
for simplicity of equations. 
following: 
qa (to) = {1 - R (to)) T (to) - M (to), (24) 
Two special cases in the stationary availability are also given in the 
where 
A(0, #L) - M(0, #L) (25) 
T( O, lzL ) ' 
where 
/) M(O, #L) = t dF(t) + L~'(L), (26) 
and 
T (Qm/# - L, Qm) ' 
) i M - L, Qra = t dF(t) + (28) J0 t t 
The theorem on the existence of optimal reliable order quantity is as follows. 
THEOREM 4.1 .  
(1) Suppose that the assumptions (B.1) and (B.2) are satisfied and that F(t) is strictly IHR. 
(i) Ifqa(0) > 0 and qa(Qm/# - L) < 0, there exists a finite and unique optimal ordering 
time to* (0 < to* < Qm/# - L) satis~ing qa(tO) = O. Then, the optimal reliable order 
quantity and the corresponding expected cost are 
Q* -- #(t~ + L), (29) 
(2) 
and 
A (t~, Q*) =/~ (t~), (30) 
respectively. 
(ii) Ifqa(0) <_ 0, to* = 0. Then, the optimal reliable order quantity and the corresponding 
expected cost are Q* = #L and A(0, tzL) in (25), respectively. 
(iii) If qa(Qm/# - L) >_ O, to* = Qm/# - L. Then, the optimal reliable order quantity 
and the corresponding expected cost are Q* = Qm and A(Qm/# - L, Qm) in (27), 
respectively. 
Suppose that F( t ) is DHR (decreasing hazard rate) under the assumptions (13.1) and (B.2). 
Then, if A(O,#L) >_ A(Qm/lZ-  L, Qm), to* = O, otherwise to* = Qm/#-  L. 
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PROOF. Differentiating A(t0, Q) with respect to to and setting it equal to zero imply the equation 
qc(t0) = 0. With respect o to, we have 
q" (to) = -R'  (to) T (to, Q). (31) 
If F(t) is strictly IHR, from (B.1) and (B.2), we have q~a(to) < 0. Further, if qa(0) > 0 and 
qa(Qm/# - L) < 0, then there exists a finite and unique optimal ordering time to* (0 < to* < 
Qrn/# - L) satisfying qa(tO) = O. Substituting the relation of qa(to) = 0 into A(to, Q) in (22) 
yields (30). If qa(O) <_ 0, A(to, Q) is strictly decreasing and the optimal ordering time is to* = 0. 
If qa(Qm/# - L) > O, A(to, Q) is strictly increasing and to* = Qm/# - L. If F(t) is DHR, the 
maximum availability is max{A(0, #L ), A ( Qm/ # - L, Q,n ) }. 
Especially, note that the optimal policy under availability criterion can be characterized ven 
if F(t) has the DHR property. This result may be useful to apply the wider class of lifetime 
distributions. It is not easy to understand that an item whose lifetime distribution is DHR 
refreshes (i.e., its hazard rate is nonincreasing) astime elapses when we treat a perishable item. 
This kind of phenomenon, however, can be observable in the early phase of production such as 
the software which is an intellectual product. 
5. CONCLUSION 
This paper has considered the optimal inventory policies minimizing the long-run average cost 
and maximizing the stationary availability, respectively, under product obsolescent circumstance. 
The conditions on existence of optimal ordering times are analytically derived for the criteria of 
optimality. The results obtained in this paper generalizes the earlier works about perishable 
inventory theory, since the lifetime distribution is assumed to be arbitrary and the optimality 
conditions depend only on the IHR or DHR property of the lifetime distribution. 
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